5. Functional Equations

Notations: Z denotes integers, Z™ or N denotes positive integers, No denotes
nonnegative integers; Q denotes rational numbers; R denotes real numbers; R
denotes positivereal numbers; C denotes complex numbers.

In ssimple cases, a functional equation can be solved by introducing some
substitutionsto yield more informations or additional equations.

Example. (1) Find al functions f : R — R such that
X2f(x)+ f(1—x) =2x — x*

for all x € R.

Solution. Replacingx by 1 — x, we have (1 —x)?f (1 —x) + f(X) = 2(1 —x) —
(1—x)% Since f(1—x) = 2x — x* — x?f(x) by the given equation, we have
(1—x)%2(2x — x* = x2f (x)) + f(x) = 2(1 - x) — (1 — x)*. Solving for f(x), we

have
21— x) — (1 —x)* — (1 — x)22x — xH

1— x2(1—x)?

Check: For f(xX) =1—x2 X2 f(X) 4+ f(1—x) =x21—-x)+(1—-(1—x)?> =
2x — x4,

=1-x°

f(x) =

For certain type of functional equations, a standard approach to solving the
problem is to determine some special values (such as f(0) or f (1)), then induc-
tively determine f (n) forn € Ny, follow by reciprocal values f (%) and usedensity
tofind al f(x), x € R. The following are examples of such approach.

Example. (2) Find all functions f : @ — Q such that
f(x+y)=f(x) + f(y)  (Cauchy Equation)

fordl x,y € Q.
Solution. Step 1 Takingx = 0=y, weget f(0) = f(0) + f(0) = f(0) =0.

Step 2 We will prove f (kx) = kf (x) for k € N, x € @ by induction. Thisistrue
for k = 1. Assumethisistruefor k. Taking y = kx, we get

f(X+kx) = f(X) + f(kx) = f(X) +kf(X) = (k+ 1) f(X).
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Step3 Takingy = —x, weget0 = f(0) = f(x+ (—x)) = f(X) + f(—x) =
f(—x) = —f(x). So f(—kx) = —f(kx) = —kf(x) for k € N. Therefore,
fkx) =kf(x) fork e Z,x € Q.

Step4 Taking x = 1, weget f(1) = f(k}) =kf(H) = f(D) =L f(D.
Step5Forme Z,neN, f(5) = mf(%) = T f (1). Therefore, f(x) = cx with
c(= (D) €Q.

Check: For f(x) =cxwithc € Q, f(x+y) = c(x+y) = cx+cy = F(X)+ f(y).

In dealing with functions on R, after finding the function on Q, we can
often finish the problem by using the following fact. (It follows from decimal
representation of real numbers. For example, = = 3.14159... is the limits of

31 314 3141 31415 314159 32 315 3142

*10° 100" 1000° 10000° 100000° ~ 4 @4 75

10° 100’ 1000 "

Density of Rational Numbers. For every real number X, there arerational num-
bers p1, p2, - . . increase to x and there are rational numbers gz, 4, . . . decrease
to x. We denotethisby p, ./ x and g, \y X asn — +oo.

Example. (3) Find al functions f : R — R suchthat f(x4+y) = f(x) 4+ f(y)
foral x,y e Rand f(x) > Ofor x > 0.

Solution. Step 1 By example 2, f(x) = xf (1) for x € Q.

Step21f X > y, thenx —y > 0. So

fO)=f(x=y+y)=fx-—y+ fy)> fy).

So, f isgtrictly increasing.

Step 3 If x € R, then by the density of rational numbers, there are p, < X < Q,
suchthat p, / xand g, ¢ Xxasn — +00. Soby step 2, p,f(1) = f(py) <
fX) < f(g) =agn f(D. Asn — +oo, p, (D) A xf (1) and g, f (D \ xf (D).
So p, f (D) and gy f (1) will squeeze f(x) to xf(1). We get f(x) = xf (1) for all
x € R. Therefore, f(xX) = cx withc(= f(1)) > 0.

Check: For f(x) = cxwithc > 0, f(x+y) = c(x+Yy) = cx+cy = f(X)+ f(y)
and f(x) =cx > Ofor x > 0.
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The concept of a fixed point is another useful idea in attacking a functional
equations. Knowing all thefixed pointsareimportant in certaintypes of functional
equations.

Definitions. w is a fixed point of a function f if f(w) = w. Let f® = f and
fW=fcf0™Dforn=23,4,..., thefunction f™ iscalled the n-th iterate
of f.

Let S, be the set of fixed pointsof f ™. Observethat if x is afixed point of
f™, then f(x) isalso afixed point of f™ because f™(f(x)) = f™D(x) =
f(f™(x) = f(x). So f takes S, toitself. Also f isinjectiveon S, because if
f(a)=f(b)fora,be S, thena= f™W(@) = fOD(f(@)) = F"D(f(b) =
f ™ (b) = b. Thismeansthat if S, isafiniteset, then f isapermutation of S,.

Sinceg(x) = x impliesg®(x) = g(g((x)) = g(x) = x, so thefixed points
of g arealso fixed pointsof g@. Lettingg = f, f@, f@ {® ... respectively,
wegetS S S S S SC -

Example. (4) Find all functions f : R — R such that f(f(x)) = x2 — 2 for all
X € R.

Solution. Assume such f exists. Itturnsout S, and S, are useful for thisproblem.

The fixed pointsof f®@ aretherootsof x = x2 — 2, i.e. $ = {—1, 2}. Thefixed

-1+

pointsof ™ aretherootsof x = x* —4x2+2.i.e. Sy = {1, 2, Tﬁ
-1 -1

c= ;ﬁ,d: Zﬁ.gncefpermut%Szandc,deSl\Sz,f(c):c

ord. If f(c) =c, then f@(c) = cimpliescisafixed point of @, whichisnot
true. So f(c) = d and hence f(d) = c. Thenc = f(d) = f(f(c)) = f@(0),
again a contradiction. So no such f can exist.

. Let

(5) (1983 IMO) Find al functions f : R™ — R™ suchthat f (xf (y)) = yf(x) for
alx,y e R" andasx — 400, f(x) = 0.

Solution. Step1 Takingx = 1=y, weget f(f(1) = f(D. Takingx =1, y=
f(1), weget f(f(f(1)) = f(1)2 Then

f(D?2=f(fF(FON=f(FW)=FTO = D=1
since f(1) e R™. So lisafixed point of f.
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Step 2 Taking y = x, we get f(xf(x)) = xf(x). So w = xf(x) isafixed point
of f forevery x ¢ R™.

Step 3 Suppose f has afixed point x > 1. By step 2, xf (x) = x? isalso afixed
point, X2 f (x?) = x* is also afixed point, .... So x?"’s are fixed points. Since
x> 1, x%" = 400, but f(x?") = x¥" = 400, not 0. Thiscontradicts f(x) — 0
asx — 4o00. So f does not have any fixed point x > 1.

Step 4 Suppose f hasafixed point x € (0, 1). Then

1 1 1 1 1
1=f(x)=f(-f) =xf(-)= f(o)=—,
X X X X X
i.e. f hasafixed poi nt% > 1, contradicting step 3. So f does not have any fixed
point x € (0, 1).

Step 5 Steps 1, 3, 4 showed the only fixed point of f is 1. By step 2, we get
xf()=1= f(x)=Lforalx eR".

Check: For f(x) = % fxf(y) = f(§) = % = yf(X). Asx = +oo, f(X) =
1

;—>O.

(6) (1996 IMO) Find al functions f : Ng — Ng such that f(m+ f(n)) =
f(f(m)) + f(n) foral m,n € Ng.

Solution. Step1 Takingm = 0 = n, we get f(f(0)) = f(f(0) + f(0) =
f(0) =0. Takingm =0, weget f(f(n)) = f(n), i.e. f(n)isafixed pointof f
for every n € Ny. Also the equation becomes f(m + f(n)) = f(m) 4 f(n).

Step 2 If w isafixed point of f, then we will show kw is afixed point of f for
all k € Ng. Thecasesk = 0,1 are known. Suppose kw is a fixed point, then
fkw +w)= fkw + f(w)) = fkw) + f(w) =kw +wandso (k+ Dw is
also afixed point.

Step 3 If 0 isthe only fixed point of f, then f(n) = 0for al n € Ny by step 1.
Obviously, the zero functionis a solution.

Otherwise, f hasaleast fixed point w > 0. Wewill show the only fixed points
arekw, k € Ny. Suppose x isafixed point. By thedivisionalgorithm, x = kw +r,
where0 <r < w. We have

X=FfX)=f@r +kw)=f@r + fkw)) = f@r)+ fkw)= (@) + kw,
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So f(r) = x—kw =r. Sincew istheleast positivefixed point,r = 0andx = kw.

Since f(n) isafixed point for all n € Ng by step 1, f(n) = c,w for some
Cn € Ng. We havecg = 0.

Step 4 For n € Ny, by thedivisionagorithm,n = kw 4+r,0 <r < w. We have
f(n) = f@r +kw) = f@r + fkw)) = f(r) + f(kw)
n
= Gw+kw = (¢ +Kw = (¢ + [—])w.
w
Check: Foreachw > 0O, letcg = Oandletcy,...,cy 1 € Ng be arbitrary. The
functions f(n) = (¢; + [ w, wherer isthe remainder of n divided by w, (and

the zero function) are al the solutions. Writem = kw +r,n = lw + s with
0<r,s< w.Then

f(m+f(n)) = f(r+kw+(cs+DHw) = wt+kw+csw+lw = f(f(m))+ f(n).

The above exampl esshowed traditional or systematical ways of solving func-
tional equations. The following examples show some other approaches to deal
with these equations.

Example. (7) Find al functions f : N — Nsuchthat f(f(m)+ f(n)) =m+4n
forall m,n e N.

Solution. Clearly, theidentity function f (x) = x isasolution. We will show that
isthe only solution.

Toshow f(1) =1, suppose f(1) =t > 1. Lets= f(t — 1) > 0. Observe
that if f(m) = n, then f(2n) = f(f(m) + f(m)) = 2m. So f(2t) = 2 and
f(2s) =2t —2.Then2s+2t = f(f2s) + f(2A) = f(2A)=2=t < 1 a
contradiction. Therefore, f(1) = 1.

Inductively, suppose f(n) =n. Then f(n+ 1) = f(f(N)+ f(D) =n+ 1
Therefore, f(n) = nfor all n € N by mathematical induction.

(8) (1987 IMO) Provethat thereisno function f : Ng — Ng suchthat f(f(n)) =
n + 1987.
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Solution. Suppose there is such afunction f. Then f isinjective, i.e. f(a) =
f(b)y =>a+1987= f(f(a)) = f(f(b)) =b+4+1987=a="h.

Suppose f (n) misses exactly k distinct valuescy, ..., ¢ inNp, i.e. f(n) #
Ci,...,Cx foral n € Ng. Then f(f(n)) missesthe 2k distinct valuescy, ..., ¢
and f(cy), ..., f(c) inNo. (The f(c;) saredistinct because f isinjective.) Now
if w=#£cy,...,C f(C), ..., e, thenthereism &€ Ny such that f(m) = w.
Sincew # f(cj), m# ¢, sothereisn € Nosuchthat f(n) = m, then f(f(n)) =
w. Thisshows f ( f (n)) missesonly the2k valuescy, . .., ¢, f(cy), ..., f(c) and
no others. Since n 4+ 1987 misses the 1987 valuesO, 1, . . ., 1986 and 2k = 1987,
thisis a contradiction.

(9) (1999 IMO) Determineall functions f : R — R such that

fx—f(y) = f(fy)+xf(y)+ ) -1

foral x,y € R.

Solution. Let ¢ = f(0). Settingx =y =0, weget f(—¢c) = f(c)+c— 1. S0
c #£ 0. Let A betherange of f, thenfor x = f(y) € A, wehavec = f(0) =

2
f(x) +x2 4+ f(x) — 1. Solving for f(x), thisgives f(x) = %1 — XE

Next, if we set y = 0, we get
[fX—0)—fX):xeR}={cx+ f(c)—1:xeR}=R

becausec £ 0. Thismeans A— A={y1 — Y2 : V1. V2 € A} =R.
Now for an arbitrary x € R, let y;, y» € Abesuchthat y; — y, = x. Then

fX) =Ty —yo) = f(y2) +yaiyo + fyn—1

c+1 vy3 c+1 y?
—-'-_ 2 2 -_ 9
> 2—|—y1y2—|— > >
(y1 — y2)? X2
=c— — = =Cc— —.
2 2
c+1 X2 X2
However, for x € A, f(X)ZT—?.SOCZI. Therefore, f(x)zl—i

foral x e R.
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*7.

Exercises

Find all functions f : Ng — Q suchthat f (1) £ 0and

f(x+yd) = f(x)+2(f(y)? foralx,yeNg.

Find all functions f :  — R such that

fixy) = fOOf(y) — f(x+y)+1 foralx,yeQ.

Find all functions f : @ — R such that

f(1) =2and

fOOf(y)y=f(x+y) fordlx,yeQ@.

Find al functions f : R — R such that

@ fix4+y =fx)+ f(y)+2xyforalx,yeRand

X
© i S -1

(Hint: Forn e N, considery =X, y =

2X, ..., y=(n—-21x.)

(1986 IMO) Find all functions f : [0, co) — [0, co) such that
@ fixfy)fy)=f(x+y)forx,y>0and

(b) f(2)=0and f(x) £0for0 < x

Suppose f : R — R issuch that

< 2.

f(v/x24+y)) = f(x)f(y) foreveryx,yeR.

Find f(x) for x € Q intermsof f(1).

(1990 IMO) Let Q" be the set of positive rational numbers. Construct a

function f : Q7 — Q' suchthat

f(x)
f(xf e aé
xf(y)) y

47

foralx,y e Q".

*8. (1994 IMO) Let Sbethe set of real numbersgreater than—1. Find all functions
f : S— Ssuchthat

@ f(x+ f(y)+xf(y)=y+ f(x)+yf(x) foralx,y e Sand
(b) @ isdtrictly increasingfor —1 < x < Oand for 0 < x.

(Hint: Show f can only have afixed point at 0.)
*9. (1992 IMO) Find all functions f : R — R such that
fOC+ f(y)=y+ (f(x))? foralx,yeR.

(Hint: Assume f(0) = O, then show x > 0 = f(X) > 0, and f is
increasing.)

*10. Find all functions f : Q@ — Q suchthat f(2) =2 and

f(x—l—y) _ fO)+ f(y)
X—y f(x)— f(y)

forx #y.

(Hint: Try y = cx for differentc e Qandy = x — 2.)
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